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============

The motivation for this work is the development of fast and robust linear solvers for stabilized mixed approximations of the Stokes equations,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} -\nabla ^{2}\vec {v}+\nabla {}p={}&\vec {f}, \\ -\nabla \cdot \vec {v}={}&0, \end{aligned}$$\end{document}$$together with suitable (Dirichlet, Neumann or mixed) boundary conditions. Stokes problems typically arise when modelling the flow of a slow-moving fluid such as magma in the Earth's mantle, see \[[@CR18]\]. In our setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\vec {v}$$\end{document}$ denotes the flow velocity, *p* is the pressure, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\vec {f}$$\end{document}$ represents a source term that drives the PDE system. The associated boundary value problem is usually posed on a bounded domain $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{d}\in \{2,3\}$$\end{document}$. Stokes problems also arise in a natural way when the (unsteady) Navier--Stokes equations are simplified using classical operator splitting techniques, see \[[@CR6]\].

We suppose that the boundary value problem is discretized using standard mixed finite elements. That is we take $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\phi _{i}\}_{i=1,...,n_v}$$\end{document}$ as the finite element basis functions for the velocity components (we assume that the same approximation space is used for each one), and $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\psi _{i}\}_{i=1,...,m}$$\end{document}$ for the pressure; so that $\documentclass[12pt]{minimal}
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                \begin{document}$$n_v$$\end{document}$ and *m* are the number of velocity and pressure grid nodes respectively. Having set up the associated velocity basis set (for example, $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{bmatrix} A&\quad B^T\\ B&\quad -C \end{bmatrix} \begin{bmatrix} {\varvec{v}}\\ {\varvec{p}}\end{bmatrix}= \begin{bmatrix} {\varvec{f}}\\ {\varvec{g}} \end{bmatrix}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$n=\bar{d}n_v$$\end{document}$) is the *vector-Laplacian matrix* given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} A=[a_{ij}],\quad \quad a_{ij}=\int _{\Omega }\nabla \vec { \phi _i} : \nabla \vec { \phi _j}~\mathrm{d}\Omega , \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
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                \begin{document}$$B\in {\mathbb {R}}^{m\times {}n}$$\end{document}$ is the *divergence matrix* $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B=[b_{ij}],\quad \quad b_{ij}=-\int _{\Omega }\psi _i\nabla \cdot \vec { \phi _j}~\mathrm{d}\Omega . \end{aligned}$$\end{document}$$The vectors $\documentclass[12pt]{minimal}
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                \begin{document}$$\vec {f}$$\end{document}$ as well as nonhomogeneous boundary conditions. The matrix *C* is the zero matrix when a stable finite element discretization (such as the $\documentclass[12pt]{minimal}
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                \begin{document}$$Q_2 \textendash Q_1$$\end{document}$ Taylor--Hood element) is used, and is the *stabilization matrix* otherwise. We assume that *A* is symmetric positive definite, which is the case when a Dirichlet condition is imposed on at least part of the boundary. The matrix *C* is always positive semi-definite. For consistency with the continuous Stokes system the matrix *B* should satisfy $\documentclass[12pt]{minimal}
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                \begin{document}$$ {\varvec{1}}\in {{\mathrm{null}}}(B^T)$$\end{document}$ in the case of enclosed flow (see, e.g., \[[@CR8], Chapter 3\]). However, other vectors may also lie in the nullspace of *B*; these are artefacts of the discretization, or arise from the imposition of essential boundary conditions.

The matrix system ([1.1](#Equ1){ref-type=""}) is of classical *saddle-point form*.[1](#Fn1){ref-type="fn"} There has been a great deal of research devoted to solving systems of the form ([1.1](#Equ1){ref-type=""}) using preconditioned iterative methods; see \[[@CR2]\] for a definitive review. This body of work is relevant to any linear system that is generated by a mixed approximation; see \[[@CR4], Chapter 3\] for a characterization. To state the key spectral properties, it is useful to let$$\documentclass[12pt]{minimal}
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A widely studied block diagonal preconditioner for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal {A}}}$$\end{document}$ is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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In the specific case of the Stokes equations, the approximate Schur complement is either the *mass matrix* associated with the pressure approximation space[3](#Fn3){ref-type="fn"} $$\documentclass[12pt]{minimal}
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We highlight a related discussion on \[[@CR23], page 1361\] where a small scaling parameter was considered: the motivation for this was to reflect the behavior of the stabilization parameter $\documentclass[12pt]{minimal}
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Spectral equivalence bounds {#Sec2}
===========================

Extensions to existing eigenvalue bounds for the Stokes problem are discussed in this section. We analyse the "ideal" Stokes preconditioner ([1.6](#Equ6){ref-type=""}) first, but we also discuss bounds for efficient "inexact" variants. These results provide informal motivation for modifying the standard saddle-point preconditioner for the Stokes equations. Refined eigenvalue estimates applicable in a Stokes setting are presented in Sect. [3](#Sec6){ref-type="sec"}.

General saddle-point systems {#Sec3}
----------------------------

We first wish to fix ideas using a general saddle-point system $\documentclass[12pt]{minimal}
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### Theorem 2.1 {#FPar1}
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We see that it is possible to describe the eigenvalues of $\documentclass[12pt]{minimal}
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The Stokes equations {#Sec4}
--------------------

The contributions we provide in this paper rely on the particular numerical properties of the Stokes equations, so we now present a framework for this problem by considering suitable approximations of the (1, 1)-block and associated Schur complement.
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### Theorem 2.2 {#FPar3}

For a stable or stabilized discrete Stokes problem ([1.1](#Equ1){ref-type=""}) on a quasi-uniform sequence of grids, assume that ([2.5](#Equ12){ref-type=""}) holds with $\documentclass[12pt]{minimal}
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We refer to \[[@CR29]\] for discussion of the asymptotic convergence rate for such problems, and to \[[@CR26], Chapter 3.2\] for a definition and motivation of this quantity. We highlight at this stage that *g*(*h*) is solely determined by how one defines the (1,1) block in the preconditioner, for example using a multigrid method. As methods for approximating such matrices are very well-established, we will therefore regard this as a fixed number. From ([2.10](#Equ17){ref-type=""}) therefore, we observe that the quantity controlling the 'average' convergence of the method is$$\documentclass[12pt]{minimal}
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### Remark {#FPar4}

In \[[@CR23], Corollary 2.1\], the authors proceed to demonstrate that if $\documentclass[12pt]{minimal}
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We should also highlight the fact that the function *g*(*h*) will not depend on *h* in practical applications (since spectrally robust methods such as multigrid can be used to approximate *A*). Therefore the lower bound in assumption ([2.5](#Equ12){ref-type=""}) would ideally be replaced by a mesh-independent constant, $\documentclass[12pt]{minimal}
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The effect of scaling {#Sec5}
---------------------

We now consider the result of applying the scaled preconditioner given by$$\documentclass[12pt]{minimal}
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The above discussion indicates that, for both stable and stabilized discretizations, it may be highly advantageous to increase the scaling parameter $\documentclass[12pt]{minimal}
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Refined estimates for the negative eigenvalues of Stokes problems {#Sec6}
=================================================================
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Case III eigenvalues {#Sec7}
--------------------
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### Lemma 3.1 {#FPar5}
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#### Lemma 3.2 {#FPar6}
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The result is obtained by straightforward computation. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

The eigenpair $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\theta _2,{\widetilde{{\varvec{v}}}}_2)$$\end{document}$ seems promising since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta _2 = -0.25/\alpha $$\end{document}$ matches the observed value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _{p}$$\end{document}$ in Table [1](#Tab1){ref-type="table"}, while $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widetilde{{\varvec{v}}}}_2 = \varvec{\pm 1}_4$$\end{document}$. To find the corresponding eigenpairs of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(-C, \alpha \,\text {diag}(Q))$$\end{document}$ we now extend $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widetilde{{\varvec{v}}}}_s$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s= 1,\cdots ,4$$\end{document}$, to vectors of length *m* via$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\varvec{v}}_s= (L^TL)^{-1}L^T {\widehat{{\varvec{v}}}}_s, \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\widehat{{\varvec{v}}}}_s= {\left\{ \begin{array}{ll} {\varvec{1}}_{n_y}\otimes {\varvec{1}}_{n_x}\otimes {\widetilde{{\varvec{v}}}}_1 = {\varvec{1}}&{} s= 1,\\ \varvec{\pm 1}_{n_y}\otimes \varvec{\pm 1}_{n_x}\otimes {\widetilde{{\varvec{v}}}}_2 = \varvec{\pm 1}&{} s= 2,\\ \varvec{\pm 1}_{n_y}\otimes {\varvec{1}}_{n_x}\otimes {\widetilde{{\varvec{v}}}}_3 &{} s= 3,\\ {\varvec{1}}_{n_y}\otimes \varvec{\pm 1}_{n_x}\otimes {\widetilde{{\varvec{v}}}}_4 &{} s= 4. \end{array}\right. } \end{aligned}$$\end{document}$$Note that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\widehat{{\varvec{v}}}}_s= [\epsilon _1 {\widetilde{{\varvec{v}}}}_s^T, \epsilon _2 {\widetilde{{\varvec{v}}}}_s^T, \cdots , \epsilon _{n_{el}}{\widetilde{{\varvec{v}}}}_s^T ]^T, \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon _k \in \{-1,1 \}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k = 1,\cdots ,n_{el}$$\end{document}$.

To proceed we require a technical result that shows that the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{{\varvec{v}}}}_s$$\end{document}$ lie in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{range}}}(L)$$\end{document}$.

#### Lemma 3.4 {#FPar9}

The vectors $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{{\varvec{v}}}}_s$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s= 1,\cdots ,4$$\end{document}$ in ([3.7](#Equ24){ref-type=""}) satisfy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{{\varvec{v}}}}_s\in {{\mathrm{range}}}(L)$$\end{document}$, where *L* is the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q_1 \textendash Q_1$$\end{document}$ connectivity matrix in ([3.3](#Equ20){ref-type=""}).

#### Proof {#FPar10}

We must be able to combine columns $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell _p$$\end{document}$ of *L* in ([3.3](#Equ20){ref-type=""}) to get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{{\varvec{v}}}}_s$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s= 1,\cdots ,4$$\end{document}$. It is straightforward, although rather cumbersome, to show that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\widehat{{\varvec{v}}}}_1&= \sum _{j = 1}^{n_y+1}\sum _{i = 1}^{n_x+1} \ell _{(j-1)(n_x+1)+i},&{\widehat{{\varvec{v}}}}_2&= \sum _{j = 1}^{n_y+1}\sum _{i = 1}^{n_x+1} (-1)^{i+j}\ell _{(j-1)(n_x+1)+i},\\ {\widehat{{\varvec{v}}}}_3&= \sum _{j = 1}^{n_y+1}\sum _{i = 1}^{n_x+1} (-1)^{i+1}\ell _{(j-1)(n_x+1)+i},&{\widehat{{\varvec{v}}}}_4&= \sum _{j = 1}^{n_y+1}\sum _{i = 1}^{n_x+1} (-1)^{j+1}\ell _{(j-1)(n_x+1)+i}, \end{aligned}$$\end{document}$$which proves the result. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L(L^TL)^{-1}L^T$$\end{document}$ is an orthogonal projector onto $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{range}}}(L)$$\end{document}$, a consequence of Lemma [3.4](#FPar9){ref-type="sec"} is that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} L{\varvec{v}}_s= L(L^TL)^{-1}L^T{\widehat{{\varvec{v}}}}_s= {\widehat{{\varvec{v}}}}_s,\quad s= 1,\cdots ,4 . \end{aligned}$$\end{document}$$Importantly, this means that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L{\varvec{v}}_2 = {\widehat{{\varvec{v}}}}_2 = \varvec{\pm 1}\in {{\mathrm{null}}}(B^T)$$\end{document}$.

The final step is to combine ([3.9](#Equ26){ref-type=""}) with Lemma [3.3](#FPar7){ref-type="sec"} to show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{{\varvec{v}}}}_2$$\end{document}$ is indeed an eigenvector of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(-C,\alpha \,\text {diag}(Q))$$\end{document}$, with corresponding eigenvalue $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-0.25/\alpha $$\end{document}$.

#### Lemma 3.5 {#FPar11}

Let the Stokes equations be discretized by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q_1 \textendash Q_1$$\end{document}$ elements on a rectangular domain of square elements. The pairs $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\lambda _s, {\varvec{v}}_s)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s= 1,\cdots ,4$$\end{document}$ satisfy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-C{\varvec{v}}_s= \lambda _s\alpha \,\mathrm{diag}(Q) {\varvec{v}}_s$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _s$$\end{document}$ are as in Lemma [3.3](#FPar7){ref-type="sec"} and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{v}}_s$$\end{document}$ are defined by ([3.6](#Equ23){ref-type=""}).

#### Proof {#FPar12}

From ([3.2](#Equ19){ref-type=""}) we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C{\varvec{v}}_s+ \lambda _s\alpha \,\text {diag}(Q){\varvec{v}}_s= L^T(C_k + \lambda _s\alpha \,\text {diag}(Q_k))L{\varvec{v}}_s$$\end{document}$. Thus, using ([3.8](#Equ25){ref-type=""}), ([3.9](#Equ26){ref-type=""}) and Lemma [3.3](#FPar7){ref-type="sec"}, we find that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&C{\varvec{v}}_s+ \lambda _s\alpha \,\text {diag}(Q_k){\varvec{v}}_s\\&\quad =L^T\begin{bmatrix}C_k + \lambda _s\alpha \,\text {diag}(Q_k)&&\\&C_k + \lambda _s\alpha \,\text {diag}(Q_k)&\\&\ddots&\\&&C_k + \lambda _s\alpha \,\text {diag}(Q_k)\end{bmatrix} \begin{bmatrix} \epsilon _1 {\widetilde{{\varvec{v}}}}_s\\ \epsilon _2 {\widetilde{{\varvec{v}}}}_s\\ \vdots \\ \epsilon _{n_{el}}{\widetilde{{\varvec{v}}}}_s\end{bmatrix}\\&\quad ={\varvec{0}}, \end{aligned}$$\end{document}$$which shows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\lambda _s, {\varvec{v}}_s)$$\end{document}$ are eigenpairs of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(-C,\alpha \,\text {diag}(Q))$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Now we are in a position to determine Case II eigenvalues.

#### Theorem 3.6 {#FPar13}
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#### Theorem 3.7 {#FPar15}
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More generally, we can bound the largest Case II eigenvalues for any preconditioner that is spectrally equivalent to *Q*, i.e., any preconditioner for which ([2.8](#Equ15){ref-type=""}) holds.
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Let the Stokes equations in two dimensions be discretized on a rectangular domain with square elements by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q_1 \textendash Q_1$$\end{document}$ elements, and let *H* satisfy ([2.8](#Equ15){ref-type=""}). Then the largest nonzero Case II eigenvalue of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal {P}}}_\alpha ^{-1}{{\mathcal {A}}}$$\end{document}$ is bounded above by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\theta ^2/\alpha $$\end{document}$.

#### Proof {#FPar18}
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Corollary [3.8](#FPar17){ref-type="sec"} allows us to bound Case II eigenvalues for general preconditioners. Moreover, it gives some insight into whether it is likely that $\documentclass[12pt]{minimal}
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#### Theorem 3.9 {#FPar19}

Let the Stokes equations in two dimensions be discretized on a rectangular domain with square elements by $\documentclass[12pt]{minimal}
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#### Proof {#FPar20}
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#### Corollary 3.10 {#FPar21}

Let the Stokes equations in two dimensions be discretized on a rectangular domain with square elements by $\documentclass[12pt]{minimal}
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#### Proof {#FPar22}

The proof is analogous to that of Corollary [3.8](#FPar17){ref-type="sec"}. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Possible extensions {#Sec11}
-------------------

It is clear that the methodology outlined above could be applied to non-square domains to ascertain the presence of Case II eigenvalues, although it may be more difficult to determine the appropriate nullspace vectors \[[@CR20]\], and the connectivity matrix may be more complicated to describe.

As an example of what we might expect for more general domains, we performed numerical experiments on the L-shaped domain for the backward-facing step problem in IFISS (see Sect. 3.1 of \[[@CR8]\] for a full problem description). We numerically verified that when $\documentclass[12pt]{minimal}
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Summary and interpretation {#Sec12}
--------------------------
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MINRES convergence bounds for Stokes problems {#Sec13}
=============================================

In the previous two sections we characterized the effects of $\documentclass[12pt]{minimal}
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Lemma 4.1 {#FPar23}
---------
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Proof {#FPar24}
-----
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Numerical verification {#Sec14}
======================

Having motivated the application of scaled saddle-point preconditioners to Stokes problems, we would like to illustrate numerically the effect of the scaling. In particular, it is important to observe the effectiveness of this strategy when state-of-the-art preconditioners are applied both exactly and inexactly (as an inexact application will generally result in a more efficient algorithm), and determine the potency of our approach for different finite element discretizations.

To ascertain this we run the preconditioned MINRES algorithm on particular test problems, to a preconditioned residual norm tolerance of $\documentclass[12pt]{minimal}
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In Table [8](#Tab8){ref-type="table"} we present iteration numbers for the MINRES solution of the regularized cavity problem using stabilized $\documentclass[12pt]{minimal}
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Effectiveness for different preconditioning options {#Sec16}
---------------------------------------------------

We now wish to observe whether our approach is effective for a range of (exact and inexact) preconditioners, as well as for different finite element basis functions. In Table [10](#Tab10){ref-type="table"} we therefore present iteration numbers for the solution of the obstacle problem in such scenarios, with the different preconditioning strategies presented in Table [9](#Tab9){ref-type="table"}. The matrix $\documentclass[12pt]{minimal}
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Norm in which convergence is achieved {#Sec17}
-------------------------------------

It is important to highlight that, although the classical stopping criteria for MINRES involves convergence of the relative preconditioned residual norm to a desired tolerance, we wish to achieve accurate solutions in measures that are not themselves influenced by the preconditioner. We have therefore calculated $\documentclass[12pt]{minimal}
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General problems {#Sec18}
----------------

We now investigate whether our results hold for more general problems. In particular, we examine the solution of the three-dimensional cavity problem on $\documentclass[12pt]{minimal}
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Tables [12](#Tab12){ref-type="table"} and [13](#Tab13){ref-type="table"} show iteration numbers for different $\documentclass[12pt]{minimal}
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Concluding remarks {#Sec19}
==================

This work shows that including a simple scaling to well-established block diagonal preconditioners for Stokes problems can result in significantly faster convergence when applying the preconditioned MINRES method. We demonstrated theoretically why this occurs by analyzing the eigenvalues of the preconditioned matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$30\%$$\end{document}$ reduction in CPU times) if a stabilized mixed approximation method is in use.
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                \begin{document}$$C=0$$\end{document}$ is often required for a matrix to be defined as a saddle-point system. In this work we consider the more general definition, where *C* is required to be symmetric positive semi-definite.

The lower bounds on the positive and negative eigenvalues are shown in \[[@CR1], Corollary 1\], with the upper bounds on the positive and negative eigenvalues a result of \[[@CR23], Lemma 2.2\].

This follows from expressing the discrete inf-sup stability condition as a generalized eigenvalue problem, see \[[@CR8], page 173\].

Note that, even in exact arithmetic, matrices with tight clusters of eigenvalues do not in general give the same convergence curve as matrices with distinct eigenvalues located at the cluster centres, as discussed by Liesen and Strakoš for the Conjugate Gradient method \[[@CR15], Sect. 5.6.5\].

<http://www.maths.manchester.ac.uk/djs/ifiss/tifiss.html>.
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